
How to disprove
the triangulation conjecture



ATOP space
M is triangulated if it is homeo to

( the geom meal . of ) a simplicial complex
.

Triangulation conjecture Poincare ' 1899
,

knesev 1926

-
-
-

Every TOP manifold
is triangulate
-
-
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Gig := { oriented PL MbH 531
Kenvaine ( 1969 ) 0-443=0

PL MbH cob .

Rokhliu ( 19527 07g 17612 KCPoincare
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Specifically , defined B : -0%-3 ML
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{Galaoski -Stern 1980 ,
Matumob 1978]

Let M be a TOP n- mtld with

{ init if 2M compact
n75 if 2 M

-

-0

Any such M Can be triangulated

if and only if

I 43 MbH S3 s t . µ ( Y
) -- I and 2 [Y ] -- O E 0.2g



A combinatorial IPL triangulation of a TOP space is a

triangulation where
the link of every

vertex is

a PL sphere
( or ball , if 2-+0 ) .

Let M
"

be a triangulated closed TOP wyld w .
n73 .

Then the link of every
vertex is a

simply connected
homology sphere



F non - combinatorial triangulations of DIFF nrfldr
-

e. g .

S5

FTOP wflds without
comb . hiaugnlah

-

ons

e. g
.
E 8 X SR Kyo

( in fact these are triangulated ,
but not come . triangulated

for k 31 )



ES is not triangulate
ES does not admit

a courts . many .

e.g .
Rokhlin 's theorem ⇒ ES got

smooth

Suppose triangulated .

Es not PL

VE vertex .

LkCre ) PL - sphere ⇒
combo? ⇒

⇐

I Option 2.
Petey.

X ( LR Lv)) -- o
Casson int ⇒ Accrued - O

McRaeD= INES
) =L

⇒⇐



Warmup : Kirby - Sieben
main invariant

n75

M aTOP Wfld closed

£ Rn- fibres with
Str - gp

F.Top tangent bundle
ie '

Homeoocipn ) = : TOPH)

TOP i. = lim
TOPln)

• F classifying space BTOP
and a map

"→d

Ty0MPL KIRK ,
3) left a exists iff

FPLshr . on

MXIRK forsome
k

qq.ME
' { pwdugtfsm.my?nEEa,

µ
BTOP µ has a PL

Str -

t Rs cm) EH4cm ; 17112
) is the

BCTOPIPL) -~K(742,4) unique obstr
. to the existence

of this lift
a .



Alternative definition of RS -(Cohen 1970 , Sullivan 1969 , Martigny z)
n

7? f
Let M be endowed w .

a triangulation K pinged→ Matt*mudwrnececossmm.i.bt.az?ua:?nme?L
M closed

,
orientable for simplicity .

Define e Ck) := I [ LR CoD o E Hn - 4 ( M ; -03% )
n- 4 new 112TEK er of simplex

not neo - vertex ! H " ( M ; 03mL )

M
O → Keep → Ghg→ 742→ 0

.
. . → H 4cm ; -03% ) M*→ HMM ,-742 ) E) HMM ; keep )→ . -

CCK ) i- Rs (M)



Outline of Galewski - Stern proof ( 1980)
-

M
"

a TOP Wyld ,
assume n>5 ,

M closed

{
TOP tangent bundle

M BTOP

F classifying space
BTRI anda map

BTRI → BTOP

g. t . M admits a triangulation TOPITRI

if and only if I

⇒x
.> BTRI

[in particular they .

.

prove aproduct shr - theorem] .

-

-

- I
AM

M→ BTOP
d
BCTOPITRD



Homotopy type of TOPITRI

F homotopy commutative diagram

K(MLK , 3) e TOPIPL

→
BPL → BTR 1

Klotz , 3) -TRYM
→

\
, BttopMartin



Homotopy exact sequence of the triple ( BTOP , BTRI , BPD

Ii- i (TRI IPL)
Ii (TOP IPL) Teil ,zTOP/TRl) 12

Ti ( BTRI , BPL) → ti ( Bto ,
BPL) →Ti ( BTOP , BTR 1) → tis , (BTRI , BPL )

O
y
0

It 3,4
, IT,

→ IT :(TOPITRD→ Ii- i PL)

01W .

O → Ty (TOPITRI) → T3(TRI IPL)→ Tz (TOP IPL) → I3 (TOPITRD→ o

Ite Itd
0-3%6942

⇒ TOPITRI E K ( Ker gu ,
4)

.



So far , M TOP Wfld ,
M triangulated iff F lift

TOP ITR l E K ( Ker µ , 4
)

t

z?
BTR 1

,

r

m Ims
Btiop
B PHR ,) E K (Kerri 5)

Define the triangulation
obstruction PCM) EH

5 ( Mj Kerr) ,

the unique obstruction to finding such a lift



How big is Kadu : -07g - Ma) ?

f- inhrshel - Stern
1985,1990

: f MLA s -03mL
furuta 1990 o

gen by 2 (2,3 ,
bi - D .

271

Fnxyshov 2002 : F ML summand of ⑦ 7g
gem by P : = 212 ,

3,57 Poincare
'

sphere

Dai - Hom - Stoffregen -Truong2019
: I Mon summand of -07g

gem by E (2 i -11,4 it ,
4 it 37

,

i > I

Open questions : I ? torsion
in 03% ?

Is Om E Mon ?



M

O → Ker µ
→ 03M,→ 742 →o

.
. . → H 4cm ; -03% ) 1¥ HMM ,-742 ) Es Hs (M ; keep )→ . -

Ks (M)1- TCM )

BPL→ BTR I

check out connection to g
gunman's Hauptvermutnng ) BTop
[ e -

g .
Ranieri intro to Hauptvermuhrng book]

The obstruction to finding a section of

K (Kerin , 4) = TOP ITR
I → BTR I→ BTOP

is the universal triangulation obstruction
DE H 'TBTOP ; Kerin)

we have TCM) = next (O)
and SC Rs) =P where Rs = Effing oes .



Suppose we have a splitting
"e - o →Ty (TopHRD

→ 03%
Is 742 → o

" ⑤
µ
or -- id

Kent
find 4 MbH S3 M£7, toe 07h

- . → H
" ( BTOP; -03mg ) Its H

" (BTOP; Mb 12 ) -83 Hs (BTop ; Kerr )→ - -

w Rs Es T
txt

id = ME txt ⇒ µ* any ⇒ S o -map ⇒
7=0 ⇒ IM)

-

- O

HM .



what about necessity ?

I closed TOP Ms with Sgt ( Ks (M)) to [Galewski-Stern]

where we call Sgt is the Bockskin honour?

associated to 0-7742%71/4 → 742- o

ie . Sgt : H
" ( M ; -742) → HMM; 742)

w :=*¢p2 # Ep 2) f : WE o - r - M :=WXI/@,o)vCfCw), D
1112

CP
'
# * opt

[o' -i ] -
- Lo'T ]

Manolescu lecture notes

(attributed to kronheimer)



Suppose M has a triangulation K .

Let 0 := snlsgp of 03% gen by 3- dim links of
K -

j : o- -03mg inclusion .

Suppose every [Y]
E f with µ

(4) = I does not have

order 2 in Afg

n o is oh,Goal : define
nd ft

O→ 742 744-7742→ u



n o Eso'mGoal : define
nd ft

O→ 742 744-9742→ u

① = CYD ⑦ . -
- - ④ ( Yr) for some Yi C- 07g

with Lili> the cyclic subgp

• if NYI) -- O ,
define N ( y ; ) = o

gen
- by Yi .

• if Nyi ) -- I and <Yi
) I 7L ,

define Nas reduction mod 4

• if putti )
-

- I and di> I Mblpk for some prime p

note pk t 2 by hypothesis
pk = even since MHI ) -- I ⇒ PR -- 4g for some of

Definer as reduction mod 4



o is o'm
rt tr

O→ 742 744 I 742→ u

Recall c CK) from before .

I (Kl E H4 ( M ; O) with i*Elk) = c ( K) E HMM ,-07g )

H
"
( M; o're) M-F H

" (Ms 742)

C Ck) 1-3 Rs (M)

Then

Ot Sgt KslMD -- Sgt ( 1¥ Ck))
= Sgt ( M* i* Elk)) = Sgt (¥V*

ECKD

= O §q1r*=o]
⇒⇐



Universal non triangulate manifolds

Galeno ski - Stern :

If F M
"
TOP closed triangulated Wfld w - n75

, Sgt (Ks CMD to

then all TOP closed wflds w .
n75 can be triangulated .

I N not A 'd ⇒
SES does not split⇒ C-IfYaffa#2)

I

defineH ⇒⇐

Post - Manolescu : Every Mn
>5
TOP closed Wfld w . Sgt (Ks (MD # o

is non triangulate le .



Summary : M
"

TOP closed Wfld ,
n> 5

-
-

• Ks CM) E H
" (MiMH 2) is the complete obstruction

to the existence

of a comb
- biang. of M -

• PCM) E H
5 ( Mj Ker p) is the complete

obstruction to the
existence

of a hiding
. of M -

• S ( Ks (M)) = TCM) where H
"
(M ; 742 )

8-3 H5(Mikey)

C
' ' '

.

• EveryM can
be triangulated iff O → keep→ 0-3%-3%12,70

splits

• Manolescu 2013 : The sequence
does not split .



Notes from post talk discussion
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