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Embedding surfaces in 4 - manifolds
( joint w . Kaspwwski , Powell , Teicher)

Q : Given a map of a surface in a Guyed ,

when is Mr

homo topic to a ( loc . flat or smooth) embedding ?

• an embedding E C M is boo
. flat if each pt in E

has a nkd U sit . (U ,
U nE ) a 4124 , 1122 )

U

D-q
homer

• generically the image of E.
'

→ M" has

isolated double point singularities (2+2=4) .



Surfaces intersecting in 4
- space

A- In B = pt

| J!pa // B
t = - E t = o

t -- E

• if A , B , M oriented ,
then each p C- A N B has a sign .



why is this an interesting question
?

-
-

-
-

Example :

• By Poincare
'

duality . every closed
4 -mfld has an

bilinear , win modular intersection form

Qm : H2 (Mi 7L) x H2 ( M ; Mb )-ML

• e. g .

Q5×5
= [ 9 to] 7¥ s

'

xs
'

OB E 8 : = 2 l

l 2 I ①I i. y . ..÷÷÷÷÷÷÷..I 2 I
o 4 - unfed ?

O l 2 O

l O O 2



Idea :

The K3 surface : = { [xiyiz.ae] E Gp3 / x4ty4tz4tw4= of
IT

, (K3) = I
⇒ IT2 (K3) I Hack3)

Qrs = ES ⑦ ES ⑦ [Y f ] ⑦ [ ? f) ④ [ ? f)

a

→

Goal : realise algebra by geometry .

Spoiler : this procedure oweswrkswpinwmn.IO PmewEndom(¥zy%lmm]



The Whitney trick

A A



The Whitney trick

n A
• if I Iframed) embedded Whitney

disc
. Off. rteghiwutus etchh.fm

• using the Whitney
trick

,
Smale proved the h

- cob theorem

in dim 75 ⇒ Pa-heave
'

conjecture , ele .

• what about dimension 4 ?



Intersection
"

numbers
"

F
g

9 Alf , g) :=p§µgECP) Hp)
C-

'7hAM]

&n•p if f. g simply connected , thfjsunisdepefdlhnnwwi.ee
of whisker ! )

* Xffig) -- o ⇐ are pts in frig are paired by
immersed Wh . discs with

baslpt -
generic cod . { gnawed) , embedded , disjoint
ofWh discs

"=

boundaries .

Self - intersection number µ ( ft
-

- o ⇐ all pts in f- Af are pained

by gen .
call of Wh discs .

fig are alg - dual if Alf , g) ⇒ ⇒ are pts in flag except
are pained by gen

- call . of
Wh discs .

f. gone geom -
dual if f- Ng -

- Gpt}



Breakthrough result : Disc embedding theorem (Casson ,
Freedman '82

,

Freedman - Quinn
'
90)

M" connected , topological manifold
. IT ,

M good

[ = WE , compact surface ,
each Ei simply connected

F : E es m
i- e . Ei = D2 or SL

f-ypf Generic
immersion

F :
-

- { fi :S ,→ M}

Such that • algebraic intersection
numbers of F vanish

i -e . X ( fi , fj) -- fulfil -- o

o• FG : uses M framed alg .

dual to F

G -- { go :S
'
-7M} X ( fi.gg) = Sig framed = hormotdle

is trivial

Then f- is ( reg .) lrtpic rel 2 to a loc . flat evils E

[with geom
dual spheres CT with Ger E) Pow"eu¥R.Teicher so



Consequences of the disc embedding
theorem

• top a-cobordism in dim 4.(simply
connected)

s - cobordism thin Cgoodyps)

• Poincare
'

conjecture .

• surgery sequence
exact in dim 4 for goodgps .

Quinn : annulus term ⇒ connected sum of top 4-outlets

is well defined .

¥¥Good groups
• abelian gps , finite apps , solvable groups ,

. - -

•

gps of aubexp growth [Kmshkal
- Quinn

,
Freedman -Eichner]

• closed under snlsgps , quotients , direct
limits , extensions .

• notknown whether e.g.
% * He is good .



Dix embedding theorem (Freedman
'
82

,
Freedman -Quinn

'

90 )

Stong , kaspwwski - Powell - R - Teicher'2oASurface

M" connected , topological manifold
. IT ,

M good

[ = WE , compact surface ,eachtisimplyconneckdf
: E es M

z{→ypf
generic immersion

such that • algebraic intersection
numbers of F vanish

o• IG : uses M frLame/d alg .

dual to F

Then f- is ( reg .) lrtpic rel 2 to a loc . flat evils E

with geom
dual spheres G- with G e I

iff Rm (F) E 742 vanishes



2 4

Corollary 1 : F : E es M with • E connected

• alg int numbers vanish

~ • FG alg dual sphere

of F
'

: = result of adding a trivial tube to f

Then f
'

is (neg) htpic
to an embedding

corollary 2 : F : E
-

es M
"
with • E connected , g CE ) > o

• alg int numbers vanish

• FG alg dual sphere
• IT

,
M = I

Then f is (neg) htpic
to an embedding



Intersection numbers

f- X If , g) not well defined in MLG ,M] !
g

:÷:¥.÷÷;÷
.

Alf , g) -- o ⇐ all pts in f Ng pained
* by gen inun . call of

Wh discs

1h If ) -- o⇒ all ink in f Mf pained

by gen inun coil of

Wh discs



Definition of the Vervain
- Milnor invariant

• for discs 1 spheres due
to FQ90 § to + Strong

E =
U E i

F : S es M , alg int numbers of
F vanish ,

FG : w s
'

es Maley dual

⇒ ints off arepained by {We} gen
. inn . well - of

Wh discs .

Let FA E F subset with
twisted dual spheres
ieeulernumber of normal bundles are

odd

Let {WE} E {We} subset pairing inte of
Fa

.

km CF if we}) : = es / Int Wea N Fa / mod 2
new

.at?



when is km ( f- if Wey) independent of { We} ?

Proposition ( KP RT) : km ( FisWey) is well defined
iff

F is b - characteristic

e. g .

f- is not b - char . if

• F S
-

es M with S . S # Fos mod 2 ,

• F Rp
'

es M with R . R ¥ F - R mod 2 .

Definition : Rm CF) = 0 if F not b - char{km (Fiswe }) if F b - char . for any
choice of { We}



Proof outline : Suppose I {We} s -t - km ( F ; { We}) -- O e 742

Step 1 : By neg htpy , make F and G geom
dual @hill immersed)

step 2 : upgrade { we} and
F by neg htpy

s -t . { Int we} n E- 0

Step 3 : Use (Whitney) disc embedding
theorem to replace

{ we} by { Ve} with
• { Int ve} n F = 0

• {Ve} flat ,
embedded ,disjoint

• geom dual spheres
{ Vet} in Mlf

step 4 :Tulse Ginn { Vet }
to get E geom

dual to F. disjoint from { Ve}

( ignore if only care about E)

Steps : Wh move F over { Ve} to produce desired E .



Step 2 : upgrade { we} and F by neg help y s -t . { Int we } n E- 0

+

.

"

§gt



Step 2 : upgrade { we} and
F by neg help y

s -t . { Int we} n E- 0

Remaining problem
:

GF got
f-5 to

4.)/ ¥ AT
ft - =/

l l l l
fi f?



Thanks for your attention
!



when is km LF ifWey) independent of { We} ?

• for convenience let E connected , M
,
E oriented

suppose I immersed sphere
S es M

s - t . F. S # s . S mod 2

"
°

) Yuen

(ii) F. s even

5. S odd

Otherwise ,
F is called S - characteristic .



when is km LF i f Wey) independent of { We} ?

• for convenience let E connected , M
,
E oriented

suppose I immersed
RPZ Res M

s - t . F. R F R . R mod 2

E
F

Otherwise ,
F is called P - characteristic .



when is km LF i { Wey) independent of { We} ?

• for convenience let E connected , M
,
E oriented

Let B E H2 ( M , 87742) the subset rep by maps of annuli or
Mobius bands

Suppose the 742 int form Ages on Hi (87%12)
is

nontrivial on 2B



when is km LF i f Wey) independent of { We} ?

• for convenience let E connected , M
,
E oriented

If Xqcslzpg trivial , define for a band
B and A a collection of

Wh arcs for Fcs

①
A (B)

: = Ngos (2B) t 2B
AA t BA FA te CB) mod 2

Suppose FB sat . -0A (B) to



when is km LF i f Wey) independent of { We} ?

• for convenience let E connected , M
,
E oriented

Lemma : OA ( B) depends only on the homology
class of B

If 7gal 2B = O ,
① A does not depend

on A -

so there is a
well defined map

-0 : B→ 742

Definition : F is b - characteristic if Aga laps = O & -0=0
.


