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Tue

§ One mine example : 0PM

Epg =

anti fog%
. - 2nd ~ t ( to . -

End
,
he e- lol

= I Go : 2- i. . - - : Zil I tie 1C not all ten
,
normalize of

. mqxlzil = I }

Yi : ICT - 0pm

the . - Zu ) IT [ Zen. . - .

: Zi : I : Z in i
. . .

: Zif

DEE wait time
,

Bi = Yi ( DX . . .
xD )

TEsgioes a handle decomposition fur epcnl :

pe i 2=7 Izil -- I

pe int I Bit ⇒ IZJKI Vµi

⇒ I Bit cover EP1N
.

nnt Bi n nut Bj = 0

so they can only intersect along parts of that boundary .

↳ Butternuts ¥Bi along 4k IDX - - xD )xDx
. .

xD )
-

-
K

in - k

⇒ Bn is attacked to %Bi as a 2k - handle .

EP (2) = Bou Bnv Be

PEBONB , p-hfofwe.ua ) = Gim : wit
= 4 , Itn ,

't D= [ Z it : -223 ⇒ Zito

⇒ we ⇒ i
'

WE Zizi
'



Attacking
map : 8D xD → 8D xD

Anti 1- Iziizieil

Get Kirby diagrams .
t '

→

and

EP2 IP2

Recall : connected shows of oriented manifolds ① ①( for smooth manifolds :

can isotope two different choices to eachother

for topological 4- manifolds :

annulus thin ( Quinn
, following Freedman) 00¥

Diagram fur th
. a

EP2 # IP2

§ Can use Kirby diagrams to compute In .tt#H*

A
CX2•N •

Ii . xp
, I / my

gem . 4. Xz . . Ifor 1- handledf rel given by words mxi It handles )

a

¥4



Suppose we have a diagram without 1- handles

0

Xn : =

⑤µ] schematically :

④
27

It J have 1- handles
,
need to see which curves

are null - homologous in 010 - h u 1- handles ) .

⑤Narration forms .

× cowpat maned I topological 4- manifold
4) fundamental dam

Qx : HYXOX ; 21 × He 4. ox ;D - Z

I a. 61 1- law 61
or

Qx : Halt
.

2) × He IX. 21 - Z

count inter points with sign

FACT : Each element of HIX ; 2) repr.by evil oriented surfaces .

Claim . Qx for a G- mftd with no I - or 3- handles

is just the limning - framing matrix for the diagram :

example .

×
.

~ , Go
-

III
e. h

.

Just recall how we defined limning murders frame !

algebraiccome
= bullets )



Theorem [ Mihir - Whitehead ]
Any 2 Empty.

- team .
oriented 4- mths

are homo tiny equivalent ift they have isomorphic inter . forms .

Theorem Ifreedmau]
• Given an even uni modular symmetric bilinear form ,

7 unique closed SINA.hf-te.me . oriented 4- mftd realizing it as its Qx .

• Given an old uni modular bilinear form,

7 two such 4- mftds up to homeomorphism .

and at most one is smooth .

@ef.wuimodularifhasdet-tn.fi f0X=0 .
Qx is unimodular )

A bilinear form is even if Q IX. x ) is even for all x

- h - is odd otherwise .

Def .

M closed 4- mfld . GIN : = signature of QM .

§ PLUMBING .

DID
' DID '

÷ ÷
.

5×15 8445 ⇐
E- I

lower dimension : I xD '

I
xD

'

7-
,

=

~⑦ m
.



Note : care 2 is a manifold ! It looks like nbhd of meridian t longitude
on a torus :

& plumbing of 2 dim bundles over §
will have Kray diagram :

n ⑤ m

Example
.

Tane the Eoo - form -÷Eummodular a even
- ?

.

.

.

. }canoe marooned by
*

①
2

A
* IOX

,
2) ± H* 15 ; 2) IN is a niinotrgy 3- on here )

Freetown : Any 2- homology sphere bounds a contractible 4-mfld .

[
only mount

Then : glue this W to X to get a h - mfld with 0=8
. be topological .

But :
Rowling : The signature of a smooth closed

simply
- www.G-mfld

with even ht . form is divisible by 16 .

⇒ If closed omrply - www.omoo-thh-mftd with E
, as its inter . form .

Dorothy : X smooth simple www. closed
,
Qx positive definite then Qx =L %

,



421 Deffo
Today : handle cancellation Thu

handle slides

b- wbordinuthm a Poincare'
conjecture I dim 7 5)

§ HANDLE BIRTH / DEATH

T.im#*"

g.
handle

3- him :

÷
"

, ,

-

Worse Cancellation Trauma
.

A 1k . it - handle h " "
can be cancelled by a K - handle h "

it the attacking sphere of h
" "

intersects the belt sphere of h
" "

transversely in a single point .

idea :

µ to /
example .

÷ ::÷÷:



Note : framing of the 2- handles and interaction with other handles

does not matter
!

,

•

to
can caned ! ¥Y9YIhandk

pair

Cancelling 2-13 - handle pair :

°

✓ (3- handle )
not drawn

Theorem f.Cerf) Any two handle decompositions of the same space
are related by isotopes and handle creation fanatics

a particular type
of isotupy are HANDLE SLIDES

a- am

"

→

framing and att sphere off ,
3. dem Sliding 2- handles :

changed ,

he did not more

he
ht

.

m

I
÷ . .int?........;.TI

-..÷

'

'

.

I ÷÷.-



G- dim What is the at .
circle of hi ?

3 2 µ
?

,

µ ,

'

slide
,

2

✓ v uh > v

hi

hi h~
hi
A

What is the framing of hi ? / twist

this band can
Iknot

{ dream } basis of He I Xu tail
'
him other
2- handles

e. g. and 1- handles

⇒ handle slide of hi over hj leads to :

µ ,

I .

or * i "'I¥ .

Recall : it not - handles

:÷:÷÷÷:
.

i I
[ the band follows

( hit djT=hit dj I 2lb ( hi , hj ) the
guiding are

- living howler
for the handle

of att . arms
slide .

⇒ hi = hit hj ± 2 but tiihj )

exam
←:

"

÷ . :*
.

( or missing a ball
if no 4- handle )



§ Sliding a 1- handle over another 1- handle

IN OLD NOTATION :

iii. several ii several
2-handles thanks
rummy
over this

runny
thank offhanded

Mep - by - step :

- ÷ Iii - ÷

⇐ ⇐ ⇐
-

- - . .

i. ,
- - . .

,
.

- .
'
i

t t

-
-

"
" " "

"

⇒ ⇒
i i i i i

-
- -

in
.

V

-
- - . .

i. ,
- - . .

→
.

-
- - . .

-
, \ -

- - . .

→
.

-
- - . .

-
.
. \ ,

- - . .
,
,

it t it &
t it &

t

"

HYBRID
"

NOTATION
⇐ ⇐ ⇐

- .
-
.

A I
- -

•
⇒

- -

-

•

,

- -

-

•

-
- - it

÷ =)

V

-
- - . .

÷
-

- - . .

÷ \ -
- - . .

-
, \

+ it v.

NEW NOTATION

white
•

~ ,

- -

•
⇒

••

•

I
this is the e- handle doing the slide !



§ It - C0B 0RP is

MEN
Wat ' is an h - abortion ifW = . No u Mn} wtf

.

. Mi - W

Mo is a homotopy egvivaleuoe for ix. n

h - abortion thin ( shale ' 60s ) :

Any smooth

thanked

h - abortion Wdt '

is diftomorphic to the product Nox to
,
it if

LEE
.

Poincare Conjecture : Any smooth homotopy
n - sphere E

"

n > 5

proof
is

KETTLE
to sin .

For no , 6 : Remove two dims from E "

n n
=

E- 2 aims

} µ 5-
'

x GB

j

µ cone I Alexander triad

[ note

For n=5 : Use 2%OV6 with Vb contractible
.

we here differentability here .

Take out a ball from V !

Get an h - color of dim dH=6 ⇒ E5E 55
.

ED

Milton of proof of h-oobord.mu then .

W smooth ⇒ J
relative handle aecoup
wrt . No

- Can assume me o - handles

-

" handle trading
"

: can replace e- handles by 3- handles

I uses simply - connectedness )
- note : A * IW ,

Mol = o ⇒ all handles cancel algebraically .

Pair than up using handle slides
.



i. e. use handle slides to realize a basis change
untill each handle either cancels or is cancelled .

Suppose for example his cancels algebraically h ?

1--7 attacking sphere of his intersects belt sphere of h
'

alg .
once .

=

Use Whitney trial to obtain geometrically once .

Can cancel them !
=

⇒ Cofordinu without handles is a cylinder ! 1%

%
Uats22

§ 3- MANIFOLDS
. fait Tue

Recall :
We saw that

any
closed 3- manifold has a Heegaard decomposition :

MI Agua Hg

• I'm :L
't

;solid genus
g handle body

Note : ft meridian
A = longitudeExample .

. is um

tlteegaard splittings can begiven by diagrams in the plane :

= blackboard

VI. D:
= IR2 ( u - I



How to draw IT ? 5×5×5 ' ?

Steph

handle decomposition of 2- torus ①
f. 2- handle " " "

h ] attached

IT2
to
boundary

=
=

i. i o - a

[ aaiaeauau handle

steps
) handle decomposition of III 2- time In ⇒ 3- timeu

so :

have two 1- handles and one 2- handle attached to

analogous curve as in picture above :

2- handle him
,

B C 8 D
B

C o-8
e 'steps

) TITI 'S
'

= thou lia vii. uhhxle.ve ')
- -

there give IT4 I
← addthis.no#

* like '
is a 1- handle with core = corelholx coveted

and att.ph = 0 core = as I Ix core let

* a .s( life' ) =a.s.llialxcorelehuaveleialxa.se '
v wrelholxas.IE 's

is
More symmetric picture on 5 :

④

/ in⇒

II
a c D o I.

-
-if; "

.joil
.8 a :



Aside : southernof Nasa cute with apatite faces identified :

How to draw 43,4×5 ?

↳ nxt . t%kI%Eg÷µy
-

- . . '
.

43,1 ) × 'S
'

.
- it . we add one th . and meth

-
- . . '

.

How to draw IT " ? again : tane III and add one 1- hand two Eh
.

( = thriven picture fwI
' )

-
- . . '

.
it

iii. the other green
.

is at • .

IT4 . . .
iii. "

.

÷
.

"
. all 2- handles are 0 - framed .

it . .
. [ see Gompf-stipn.cz tig 4.42 PHD

-
- . . '

.

.
.
.

How to draw IT :D ' ?
Note :

IT 2×1132
•

°
>

•
-

°
o

,

. o

- I , I
a

=P
also has

a #z
• 0

Wow
,
of 1=0 ( ) = 's :D '

I see HWAN



§SURGERY or
"

spherical modification
"

:

Let int M
"

a 8k xD
" " ( Mean have non - empty boundary)

surgery is a procedure :

If mum > ( M . 5×45 " ) u 5- " " )
- rt.im
:B:b:[⇒

glue so that
Example of surgery on IT

'

:

lift '×I*l

remove glue ,n
is bounded by

- ) runs 8k × 9*1

F¥fi
$ xD ' Dis0=5×50

? ATTACHING HANDLES changes boundary by surgery :

fomenting " e

1/1 11 I I I DX

×

OLD T5T = ID
" " ) u 45 "× 's

" - ⇒
54 5h - w - I

0 ( Xu T5T =

surgery on SKID
" "

in OX
.

§ DEAN SURGERY .

Iet KC5 with a tubular nbh.clwk
Then

II. whyIts :o)/
gluing map given by any simple closed curve

on the now boundary torus



e. g. ⇐f u

H ' H2
L= MT3A

( autumn of this Heegtewmp of 43,11 also as a Denn surgery .

Namely : Hi = 'S ' - VV and we are gluing It
'

using a

On one hand : D= MT31 on OH '
= IT

'

but on the other hand : D= AT3M on OIVV ) = IT2

The latter is Denn surgery on GA- tune on

V.
we write :35meridian

µ ←

longitudes

es . ⑧
' k

is a zµgz
.

"

Dehn sway diagram
"

e. g. pig is the lens spare Llp .gl

Fundamental Therein of 3- manifolds .

[ Kirby]

framed or .
linus in 83HI:±÷±:[if I . " :÷:}3- manifolds

homes
isotory

+ blow up / down

( t handle slides )
%

.



Clasts fault
THU

§ SURGERY & DEHN SURGERY
Recall :

Surgery is the effect on the boundary when we attack a Gaudk .

i. e.
ht I

0
+ ( XU if 6) = result of doing surgery on EX = M

"

~
along the attacking sphere

where Y : 8k xD
" "

- M "

is the att
. map for he

or egeuvalenthy :

y : 'S "
- M

"
Iatt . where )

with framing f of the normal bundle

So
surgery on he ,

f) is the manifold :

( Mitts :*
"

× 's
" \

Footing class of te
,
f) determines the result up to differ .

PR0P
. If Cc M

"
is a mill - homotupic circle

,

then the result of surgery on Mating C

is either :

M # 5×15 or M # 5515
I there might not Ee distinct

. depending on M )
I recall that there are precisely two 5- bundles over 52

,

clutching function corresponds to an ett of ISOLDE %)

proof .
Write Me M¥84
Consider Co a 5 a 'S

"
with Co mill - hemolytic .

In particular ,
C is homotupic to Co

.

%



Homotopy implies isotopy for loops in a 4- manifold
⇒ C and Co are isotopic .

By construction ,
the two possible framing on C. I even load)

transform 54 to 5×5 or 558 '

.

In %) Hi :) to

Recall : Dehn surgery on M 's
Cuieuted 3- manifold ) along KCM '

and according to a framing y : IT IT '

is the manifold :

McKie : = think Uy 8 xD
'

"

÷
. . 'm

.

Note : In 8
'

e
Is
given precisely by a pair of ree

. prime integers .

It K is oriented
, define µ= positive meridian

A = o - trained longitude
( note : changing orientation of K changes orientations of both feat

so the orientation of K is irrelevant )
For lp.gl ⇒ .

. pfhtg -1 is a unique simple closed curve

mTEdl③wk)

examples .

↳ @II.IN.LI " t ' - i

5- JOE 5×1,32 $ xD '

This represents

④ u = 5×82



b)

µ
. to

① =L 4.01=8
'

✓ Tanyunot
e. g. ⑤ =

because : we remove a solid turns and glue it 6am some way .

Pig⇒ f) = Up .gl the lens space with M¥42

It § ,
± 5×1,32 5- J$xD2d) f) =Ll±nA= because

There is a map I
U

u

which is a differ ,

and agrees 5 xD ' 5 xD '

wmawfgyq.my
with gluing maps . }

t= extensive of Dehn twist \

hatingmeridian to solid ton
. 8 LL1M

More generally : Up , g) ± Up ,gtwp ) for any n
.

( try to pure similarly as p=£=n )

" 00 . s . Hi :[ 5¥ :* :ID



Big Insight : Integer . framed Delmourgey is naturally
the boundary of the 4- manifold IB" u 12 - handles }
and in that care Dehnsmrgey = surgery .

*

ol . ol ⇒

JHremflickoiah-Wallacebo.rs/-
Every closed oriented 3- manifold is the result of

Dehn
surgery along some am in 8 ?

The link can be chosen to have unnoted

components and all the trainings It
.

Deen
.
A Dehn twist to along tell '

÷ "

%



Chante fault
TUE

Timor ish twist theorem
. Eg closed orientable genus g surface

Any meat - pres .
homes of Eg

Dehn twist
is isotopic to some product of
(positive or negative) Down twists

- -

us
about following 3g -1 curves :

t

- we omit proof of this theorem .

Recall from last time :

THEOREM
.

,

{very closed orientable connected 3- mfld

Simon -

su - Wallace -0 the result of Down surgery along
4960 's) some link in

.

Jemma
.

Let Hg be
germs of 3hm ' hand Iebody .

For
any

f. olfg Its
there exist pairwise disjoint Wif and pairwise disjoint Wifi = n ith

solid tori in Hg ns.t . f extends to a homes

F. Hgilihu . . .

- Hq v. . .

proof of Trauma . f to II. Ti where Ti are Dehn twist along Oi

A# : suffices to prove for ME
. I use the iwtpy in a collar )

" "

Wow consider annulus neighborhood of Oi .
Push them into the hand Iebody .

. .

e. mine



* 7
. .

.

! :÷.

-
in this care =

Define In := IT " id on A # Similarly define Vi for all i.
rid on Hot '

and ensure Vi lies
"

below
" Vin

,

so they are pairwise disjoint .

Define Vi as follows : VI. Vr
,
VI. = Fro o

. . .
OT7H 1VD

Define f ÷ IT . . - - .TT
. Te÷uwes8i

may intersect with one another
.

proof of
closed connected oriented .

7g sit .
M -

- HI ¥ ttg Heegaard decomposition .

with f : OH 'y - ottg
get 5=HjueH 's

otoamewffffi.io#g-.ottg
53 µ
It 11

HI → It 's manics the map f of
"
: OH1-0HI

we ' it By Trauma this extends away
HI HI from some solid tori .

⇒ It is a Dean surgery on some link in ⑤
because :

it is obtained from 8714 v. .
uh by gluing back Viv . . .

u Vi
.

In fait : the link has wnknotted components tout not the unum ! ]
and framing are all ← think thirteen " Imagined to

meridian of VI. F4D



Corollary . Any closed oriented connected 3- manifold
is the boundary of an oriented simply - connected 4- manifold .

Question : Is there a minimal number of components for a link

describing the given 3- manifold ?

AIUCKLY
. .

' 97 : two examples of ZH83 which are not Dean surgery on knot

HIM - KARA KURT - LID MAN 2014 : infinitely many examples of ZH83
not surgery on a mot I all produced
by surgery on a 2- amp link )

.

Open given : Is there a family of ZH5 's which require

arbitrarily many components in a surgery diagram
?

Thirty 's THEOREM . Integer framed times in correspond to

1970's diffeomorpwic 3- manifolds iff they are related

by a sequence of :

is OTOPY

HANDLE SLIDES

BLOW UP / DOWN
.

Fenn - ROURKE improvement : handle slides are not necessary
it general blowups I downs allowed .

Isimple) BLOW up : add a It - framed wnnnotspmhif fromyour diagram
Isimple ) BLOW DOWN : remove - It -

example . ° . ÷ , °
up at '

"

f Ngs
#

Recall
.
For 4- manifolds this is connecting man with EP2 or EP2

in the interior of the 9- manifold .

mum



Now can slide over this 0 "

:

¥⇐ ¥⇐ lot '

n
n th

/

more strands :

II. ⇐ ÷: →

must wingnut
trainings

GENERAL Blow Up / DOWN : here box means :

1µg ÷
1¥

÷'E¥"
I i ::

? note : it a handle hi has ki strands in the collection It - - - I
I algebraic count with signs ) ,

then blow up I down

changes its framing by tki I - kit ( them this using
double - strand notation

proof of Kirby 's theorem :
or enter . form )

⇐ 7) Ln
,
↳ www.

Iet Me
.

and Mute the corr
.
4- manifolds with ONE oMn .

Deane
N "

= Me
,

u ( 0 Me
,

× To
,
it ) u - Me

NOW connect shun Me
,
with IC1P

'

untill 0 ( N ) =o

signature of inter
. form of N .



Thom'sTheorem : GIN ) = o ⇒ NIOTVJ
-

trammelled oriented smooth 5- with
- a

schematically -

w - /

own
!

. .

Iet f. TV → 4,23 be a Morse fn.at . f-
' ' Ii ) = Mii it ?

FIOM
, his protective .

i. e.

TV is built by attacking handles to Me
.

Now we modify TV without changing
its boundary :

• TV is connected ⇒ Cannell all 0 - handles

cancel all 5- handles

. Do surgery on arches to make TV simply - connected

( do surgery on generators of stiff in interior of
then do handle trading until No 1- handles .

( i. e. replace 1- handles by 3- handles ) free Classes 26427

Similarly .
cancel all 4- handles tr maths )

- ML2

⇒ Only 2- and 3- handles are left : µ ,
2- handles Wz

Iet M42 := the
"

middle level " of TV i. e. - M

Me . . olive ,

UN circles in Mii are null - home topic .

= 0 I New 3- a)

By proposition from the last class :

" I

M%= Mutt E. 845 # # SIS '

4

= My # # 5×5 # let 555
K2



Now use the HW A2 I Bonus) : 5×5 # EM =

'

O
'

③ I = 0 + a
0

- n

so we can go from L ,
to Li

La to lie so that

M4EMia
.

Ian I now go from handle
decomposition

Li
,

>
both are

to handle decomposition ↳
" d. of

Three

using only handle slides ?

Kirby : using Cerf theory Yes .

( can avoid birth - death cancellation
.FD

%



Hates g#
Th .

§ INTERLUDE :

surfaces in 9- manifolds .

Given surfaces A. B in a 4- manifold

,
4EHEEeuI.tn

point
pe An B

On the boundary 'S
'

of a small ball around p
we find a link Ans '

w B n 'S ?

It this term were slice i. e. components bound

pairwise disjoint smooth times in IB
"

then we could modify A and B I preserving homology classes)
by gluing on slice dims and

renewing
bad point p .

exercise .
in the case of the above picture the linen is Not slice . Why ?

@efn.tt him LE83 is said to be ribbon

I recall if the components bound pairwise disjoint smooth dims in IB
"

from
lecture 8) perturbed so that they are Morse wrt radius function on IB

"

and HW5 and have NO LOCAL MAXIMA
.

i. e. the dimes have only index 0 and I Withal points

Equivalently :
" bottom up

"
a ribbon arm is produced from an unlike

fused together by some bands
,
which always reduce

the number of components I otw would create genus ) .

index .

§
"

It FC 0 into : .\\ ✓✓ points .



Egeuvdleutly : a ribbon time bounds a collection of ribbon times in 83

( recall HW5 ) i. e. a. collection of immersed times in 83
whose only singularities are of the form

Note :
thin:÷u:÷

.com push a part of time into IB
"

slia-ri66onbnjat I open :)

Thine Any slice 6hm is ribbon .

0

M€ § KIRBY DIAGRAMS FOR

RIBBON Disc COMPLEMENTS .

A ribbon dime has a natural handle decomposition
in 0 - handles and In - e) 1- handles for some n .

IN GENERAL : Given ( Y7 0YM) - I IBN
,
0113

" )
then every K - handle of Y gives
a lktn - m - N - handle of 43Th Ym

for us m=2
.

n = 4 .

'

'
.

open reg .
nbhd .

But let's look

at me
,
n =3 : - Let us determine

the complement of
the tubular

& -

as a series of level pictures .



O - handles a -7 lots - n - N - 1- handles of complement
1- halides L -7 4+3-1-4=2 - halides of complement

i

⇐
a;tau

¥¥¥h¥

%%¥ ⑤⇐AEE⇒⇒g£Ea↳

i iun-maueaaerrenimlpo.ie?IhIsehfuaI:ies
, ftp.EEEHF

"

HEELEY
name ,

ftE¥T
to
oottepianeut If '⇐HHe⇐H/

FEI

"

¥9:L.IE�1#IffESEThR

④



Complement of a surface FEB "

[§!.¥Y%Y¥¥fqm ,

thbbm time complement :

×
Stevedores knot

a choice of
ppl FFT

a :[ : aim

⇐⇐gµgaa
m s

.

a-
Founder

in IB4 ( move )

the complement A
in IB "

•

? Same what can have another #
nm - isotopic ribbon example ¢ ②

times for Star .
unot :

-

§ PREVIEW of next Lectures :

Wall ' 60's : If No and M . are smooth rumply - connected closed 4- mths
with isomorphic Mer . forms
then they are h . wbordaut .

Freedman : 5- time h - abortions are topologically a product .

Curtis - Hsiang - Freedman - Sting - Manager - Bitaca - Kirby



ftw . fault
6pm problem session : next Tuesday an 29 ) The

Theorem I Wall ' 60s ]
If No

.
Me are smooth simply - connected closed 9- manifolds

with isomorphic intersection forms ,

then they are ttmoothly ) h - wbordaut .

Recall : h - oobordaut means JW5 smooth at
.

0W = - Mow Me

and hi : Mi - W is a homotopy equivalence . i. on

? not true for topological 4-manifolds :

e. g. I a todo imply - town .
closed 4- mftd called * EP14

it has inter . form 41 ) .

but it is not homes to QP 12)

( actually : * end and 4pm are not even topologically oobordaut I nine they have different

so already the first part of the proof fails) Kirby - Ghenmann invariants )

Theorem fFreedman '

80s)
Any smooth simply - connected h - abortion is hmec to a product .

Lordly .

Smooth
simply

- connected closed 4- manifolds
with isomorphic inter . forms are homeomorphic .

proof of Wall 's theorem :

01M . ) = 61Mt ⇒ 8 f- Now MD =o

⇒ ITN a wartime from No to Me
( Thun : D; E- 2)

Goal : improve TN to ah-cobordinu.nlto
surgery on arches in -W to mane tiw trivial

.

2) assume there are no 0 - and 5- handles

3) assume there are no 1- and 4- handles : HANDLE TRADING .



§ What is handle trading
?

I We trade every 1- handle for a 3- handle :

4- handles ← WW2 . note that Mi and W are murphy coun .

TV | |oIW .
. Let h be

any
th

.
in W

.

2- handles
GW ,

bet D= I core of h ) v ( an are joining the feet of b)
Push L into OIW . ( by transversely .

No

# §Mo
-

• Yet do be an unwmot MOAN , away fun all e-
,

2- h .

• Introduce to TN a cancelling 2- Is - handle pair ,

where 2- handle is attached to do with tnv . framing .

• Note : a and do are isotopic nh OIWI mmue :

- AW2 is simply - connected (because W ' Wad Me are simply - count
.

- homotopy implies rioting for loops in in 4- mfld .

• Use the 2h
. att . to do to cancel he

. (Remains a 3- handle )
%

Bain to proof .

I
Since Mo and Me are simply - town .

TV | ¥ II Men by our previous Proposition : tree
flogging )

2- handles Wz

- M1K E No # hosts
'

# 6555
No

± M . # kiss '

# 45 E5

↳ .
We call assume there are no ⑤ I 82 Mum mauds , i. e. to = le = 0

.

=



CNayoftheUa If No and Me are smooth amply - conn closed

I and proof so far ) with isomorphic inter . forms ,

then there is he IN sit .

No # er 848
'

E M
,
# er 845

differ

Sifu .

We
say that No and Me

are stably diffeomorphism

Open Question : Is ten enough ? all examples we mow : yes .

proofofthe-daim.IT enter
. form Qiu , is either even I tae He Q Lapd even )

or odd ( not even )

A spin structure on a smooth manifold
is a lhumotovy class of a) trivialisation

of the tangent bundle over the 1- melon

that extends over the 2- Meldon .

Note : M is spin LET M has a spin structure ⇐ 7 WIN = o and wdN=o
-

Moment able .

FACT : M" simply - town . room patt I not me .

closed

Then M " is spin it Qm is even .

FACT : The boundary of a spin manifold is spin .

Rouhkh Theorem : Any spin smooth 4-manifold with Zero signature
bounds a spin smooth 5- manifold .



Returning to proof : suppose Qm
.

even .

Then - Now M
, spin and has Zero signature .

Use Rouhlin 's theorem instead of Them 's to get my wee
.

-W

to surgery on arches with
"

correct
"

framing .

so W stays spin .

⇒ We 0pm ⇒ Mite spin ⇒ QM% even .

It follows that Qiu
,

cannot contain Q.gg = (I 1) .

Have :

My has no 555 - ruminants .

Now suppose QM .
odd ?

Proposition
. If Qm odd

,

then : M¥848 '
is difteomwpuic to M¥82582

( Recall : we saw this for M= EP4

proof wretch
.

Consider the care of no 1- handles . an M .

hole :

leg . µ o o

there must be

" ÷ ④ at "

III.;
"

✓ µ µ # 5×5

"

7 I
.

✓ µ 3



Now : 0 - framed meridians are called helper arches . They can change

any crossing !

H-fo-m.at#i-m.a-H-
"

/

than
:* :* .

"
I

a.

and vice versa :

¥ - m .
If -

ii. !

÷ :

and undo all crossings in red circle until it is unwnot .

Do handle slides over helper circle until it has framing ti
.

D

%



Class-A gotta
THU

theorem I I Wall ) No
,
Me me dont simply - www.QN.EQM ,

Then IK70 at . No # 45×8 '

To to Me # 48×82

Theorem 2 I Wall ) tho Me me dont simply - mm . Qiu
.
EQM .

then No and Me are why h - abord out .

Theorem 3 I Wall ) M me dont simply - wun

QM indefinite .

Then
any Morphism of Q M¥845

is realised by a self - diffeomorphism of M¥875
.

@efwn.QmisponkiveqniteifQmla.al so Va - t 4

negative definite if Qm so ta HIYi
indefinite otherwise .

e. g. His pos.tet.FI neg.tt ,

I :D
,

I :)
,

to :D indefinite .

Hard we nfrms are To 4N
,

OF fit for nzn
.

↳ is pon . # but not standard "

[
'

z ?
.

.

.

.

,
,\DM diagram :

2 2 2 2 2 2 2

••
⑨
2

Aside : Donal Theorem :

If a moth clodd simply - town . 4- manifold
has Ante intersection form ,

then it must be one of standard Ante forms .



Them Later work Mows that no need to retina to simply - www.

Note : In contrast
, any symmetric mum odular integral bilinear form

is rewind as the intern form of a

closed simply - arm . topological 4- manifold . (Freedman]

proof of Twins I idea : Wall identified thegroup of do's of
QN # six

= QMQ I%)
and then realized them by ¥eo 's of

M¥545 '

.

D

proof of That a 2 :

We had Get IN = guardian between Nod Me

µ
with only 2- and 3- handles .

3- his We absurd : Mia E No # k 5
'

⇒ Me # K x isµM# hole : we III. III.
. Isaiah dans2- his 1h

-

but in case there are Roles in No

Mo there is another argument . )

Plan for Them 2 : D often I
.

Get W along M% ta reglue
to get W

'

which h - color dim .

Note : It gives to
arrange that ThW' = I ma H*lW .MN trial

.

( Whitehead - wt implies No - W '

MY Wifi
eggPoincare '

- Tretsouett amp lies Me - W '

also my )



QM
,

is MANIK as long K71 6IU we are done ) .

By Theorem 3 any automorphism of ① µ
,

is rated by a tea
as long as # 2) or (Q No is ignite ad 471 )

[
Can accomplish this by adding a com ; a -13 - h pair .

⇒ ← is controlling germany !

We choose the right morphism of Q Man .

Hathi 2) = HIND ⑦ Z4J .
- - idk

.
⇒

are at GYM2- h 2-

WD45
& 5×5 & ×

① ⇒ an " " " " " " "

- no

[ I /
a xD

.

IET
'

-

Imply this is 848 ' N4-6AT
- crown .

=) We ied - mm µ . and 52×52

However
,
booming upside - I

Hathi
,
2) = HINT ⑦ ZLpn.tn . . . -

' 4Th )
{ [ are of

A- where upside down

of upside-down 3h

3- 4

= att
. sphere of 3h



By tum Wha Je : HIM HZIMJ
Inducing Isomorphism QM ,

E QM
.

Extend it by Huang a

es . ftp. )
Pi IT a #

because QCI.fpi.iehiN-Qlpi.fi ) = n

hi

Then by wnAmdm :
"

fi intersects I once and I , Zero times if j
"

↳ of Wall : I : Mm - Mia realizing I
.

Now Hd W
'

: = Wz Up Was

Get that A spins -4 Intersects bdt-spherek-hdg.me ,

and all other belt spheres alg .
Zero times

.

← for a omgle 2- h .

( Warning .
.

we are anointing to away afferent wartime
-W7

D

[Curtis - Hsiang ,
freedom g . Matvey or - Kray - B aca )

No
.

M
,

me dont simply - www.rmootuyh-drdautiia-W
Then there exists a rub h-ooboraom.VN
between Minami folds Nic Mi at .

N Ni
,
V are compact and untraceable

2) With this differ to ( Moi int ND × 6. B
3) No Md µ ,

I
" a " ÷ :* : :* :* .



@etinitim.it ark is a compact smooth untraceable 4- mfld A

with a differ
f- :O A - 0A

which does not ⇐ to a self - differ of A.

note : Nme require f to be nhvo Am

some require A to be " Hun "

O 0

* "

. . .

Helmut a I see HWA 3. 1)

1¥ . Any two homeomorphic mouth clod simply - com .
4 mths

after by a ark Im
,

i. e. me a Cork from one

regbue via an ihvolutvn on the 2 .

proof of % Jim
. Apply Wall 's Jun 2

,
then CHFS MH3 say :

Me = I Mint ND u N .

112 you
( Mon int Not u Ne

k
No D

%



Jacks
Open Problems Session tue

a) Poincare Conjecture : Any smooth 4-manifold E
"
which is

ahomotyy
4- sphere is differ to 84

.

⇒ At *
,
OF - ⑤ ⇒ A =D

"

proof of ⇒ : ⑦ so } smooth .

UA E→ is
"

Palais : any two maps of ID
"

into a smooth h - mftds are isotopic up to reflection .

Hence A ED4

proof of ⇐ : E- DIM = It
,

then It * so At ID
"

Then I = ( E "
i DM us . D

" =D
"
UD

"
H , :S →

I
H -

Cerf : Diff ( 53 ) 2- 50141 ( special care of To of Landen 6am - poonam )
Have des ?

2) Schoenflies Conjecture : it smooth 5- 8h bounds

a smooth ID "
E 84

.

the : i :$ - 84 has normal bundle 84 I - 84

Have by duality
8h its ' ) = AWB

.

Put 6am boundary
# pj = 54 are smooth 4- mths

with 0=83
I = A ← * because they are homology - D " I MV )

and In trivial because can use

Seifert - Van - Kampen ( have collar to

Have : Poincare ⇒ smoothies .

tetanus
\



* fn =

smooth oriented

homonym - sphere / differ .

# gives www.munoid with unit
.

For all in > 5 this is a finite group ! mine 51,2 # - E

For n=4 :

group of hlny spheres

fire 0
, consists precisely of those E

"

Art .

E- Do " E 's "
.

Poincare uni : 07--484 Is group completion trivial ?

Shveufuen any : OFI 184 . i. e. it Etta is there EK07
a. t

.

2 # E
'

= E '

.

Aside . hit = h - the homotopy group of spheres .

Pmhrjagin - Thom : stir E SIT bordirmgp of framed h . mths

&
Have a map : On - RIµayeof training

ire . homotopy spheres can be framed

herd and cohort are well - understood finite ab . gps Ioften are
hurt . problem)

for
.
On is a finite group .

* closed 4- manifolds with • - ly may
smooth structures .

.

e. g. ZC1P
'
# Epa

There is no known G- manifold with finitely many am - mm .



We don't know for e. g.
84

,
EP7 1CP

'

# EP2
,

5×82
112

555

3) Is the Eq - 4- manifold a CW complex ?
-

recall : closed top . simply - wun Until that is not smooth able

iue.az?yED Us CE
~ n i . i ' ~

q - Freedman 's 9- ball
Poincare
homology When ( = * but only typological)

note : Eoo - plumbing in dim 8 ( so wing T84 is compact W8
with boundary an exotic 7- where .

This is generator of 07=74282

Note : there to no handle structure in E , - 4- manifold ( ¥Yhaenmam)
hut

and no triangulation ( Cassim invariant

Note : any closed d- mad to homotopy equivalent to

a finite d- time CW complex .

Is CE CW complex ? Is * EP
'
CW complex ?

Keep ' but KS # 0 -

4) Is any closed 4- mHd M homeomorphic to Mamoothuece ?
= can you cut every ten mfld along a homology sphere

intw a smooth h - until and a contractible piece .

5) ' Yoo
- Guienne :

6¥ 7148 for Mtllored smooth Indefinite tm .

Ioml A
even

; Donaldson
even kE§ote2

them .

.

nut . forms I !Y¥mik
: classified by rank

,
6
, panty I

odd nmoe



We can realize KG7 otef.it by tIep'# Ep '

Ng . geom ⇒

ZE80-3LI b) → has rain # = %

Can get 7% .

Can we get otheetween ¥ and ¥ ?

5
Funeta : can't get smaller

.

Recall : he : HIM × EM → ZLHTMT inter
.

" hunter
"

is : I 'IfEFan¥EE } - ZKtM
relatives

A

HIM × IT2M × HIM
mvueotu

Q : If M is closed Vdoes Xz determine ↳ ?

Yes it TIM -0
.

( hate : tz for topol . G - unfits determine KS

Thu
.

Mhclored tyrol , IT , M -0
,
odd in

7 CE Hath at
.

THE At c. x ) Cued 2) Vx .

then :

KSCM ) =

+ ( c
,
- c) - 51Mt
To t tu

I
immersed
sphere

im even :ks.CM/--dgIlm.a2)(oisduar
)



529 am 31
THU

§ Overview of M. Freedman 's worn

=topIgiH

§ b- abortionmmmm

Jenn . ¢ arson
,
Freedman ] Jet TV be a smooth h-wbord.nu between

( trot part by Casson) simply
- connected 9- maths No and Me

.

Then TV is homeomorphic to Mox Lois
.

proof . By standard arguments ,
assume IN has my

2- and 3- hand la .

I H* I Mol = o ⇒ By h - slides assume

3- h 's 2- 13 - handles

IN µ ,

" cancel algebraically
"

.

2- his Recall : in high this
"

geometry follows from algebra
"

.

-

Here : we don't have the Whitney trim .

No

Iet fAi } be
attacking spheres for 3- handles

A. :B , ⇐ Me ,Let IB4 be belt spheres for 2- handles .

algebraic cancellation means : dltti.Bj-8.is . this

Pla realise A geometrically by approximating the Whitney trim .

For convenience
. suppose there is only a single pair A ,B .



A
• µ in Man which Is simply - town .

← I :[ I. iuhiny
• can more it immersed

. can assume framed

↳ ⇒ boundary WAS
to

Recall : M%±M .
# §¥§←B

* " may . )

± Me #
← A

TE

Profaci : Get Into a- Mean LAUBI .

A
+ B Want to arrange his•

µ by tubing into

± :*:÷: : :*
.

%e¥ . I :* m ¥
The

.
I } trained immersed spheres

TUBING : a# IT a"¥⑤into

+11 and IEE

Note : As a amount :

µ ( Mann I Auld =L

This is called "

A ups is
"
In - negligible

"

.



A
+ B

. . . .

or

So problem is to find geometrically dual spheres .

so

find some EiB see . properties * .

Can change IB in the process . [ but only up to isohepy !)

Prudy .
Given A gut intersect B I symmetric :B can thier .

A)

÷ .

-

.

a) Tube A into A to mane HE .B)=o
since :

← tube

XIA
,
B) = 1 can pick one pt t

,

into that m .

all others cancelling pours .

2) Now can pair inter . 4 A and B and find Whitney dines D

WA : remove ÷ of D with A and B.



n

- remove inter
.

with B by tubing D into T3 .

A ⇒ no inter with B A maybe new A inter .

A

#¥B
is

- remove ⇐ with A by finger mores towards B

^ ⇒ creates new caning A a B snterselxvm
.

A
A

B

THAT ÷÷÷.÷⇒
is

3) Do a framed immersed Whitney move of I over D

⇒ resulting It does not intern B.

⇒ We have extra in # points of A and B

paired by framed immersed Whitney arms 0

A. t .

0nA = 0h13 = 0 .

::÷:÷÷EE÷¥÷8 . ::⇒
AN

① 8

T
d - if



Cassin handle is a
" Carson tower A infinite high

" H - time !)
- it is simply - connected

- d- CH = solid tones
.

Freedman : I CH
,

OCHI is homeomorphic to ID4
,
8¥

.

1982 .

the rest of the proof : Pair intersections of Hand B
by Carson handles in My

,

- AUB
A

. - B→↳ - - -

(}fEg¥÷ .

at at ?ic
.

-
-

\
- I , 1%8 .

} .
.

.

By Freedman : I topologically embedded

Whitney arm .

DPoincare '

GJatwejf.my
homotopy

G-mfld is homeomorphic to 'S"
.

proof . HE be a smooth why 89 .

¥ E and 84 are smoothlyh-cobwdmt.IT
{ and 84 are homeomorphic .

If E is a topological hlpy 'S
" I tip .

4- mftd with him,
⇒ E)

then wild a
"

proper
"
h - wGwamm between

E- pt and 8h - pt .



I proper G- we : EW - W are proper entry eseuv . )

Or : alternatively use Quinn : 5- mflds have topol . hand Iebody
structure .

⇒ category
-

preserving
b- colour am theorem

.

4. e. H h - cob ⇒ home ok to prom
so can build h-iobor.mn fun E to 84 using surgery theory .

Note : Freedman ↳ surgery theory
works in him 4 topologically .

D

other consequences : normal bundles

transverse intersections

5 Exotic
aimed

- nun of top .
4- manifolds .

5 IR4 1TI has a unisex smooth atmiture ht 4 .

and has uncomely many
smooth structures if n=4

.

mmm

Geta A smooth mfld J2 is said to be an exotic IR "

' t

pngmepiwnotth-aepi@etu.th
unot KC83 is topologically slice if it bounds

a fat dm
gets

i. e. htpeh@pasn.np.is = ftp.D )

Fact : Joey may mots which are smoothly but not top .CeCe:

any Alex . An mot is top .
slice .

Wh .
d ILHA = tvp.ba not rm.dk .



S Construction of an exotic IR ?
S Iet K be a mot tha is top .me

,

G- not mm . slice .

2- o

Ik ←

LILY Krang l④
dong K
with 0 - fr.

FACT :
- -

XKFI.IR?ta ⇒ It is II. ma .

-
-

- -

E- is top .
slice ⇒ XK HX1R

"

We construe a Mmr on IR "
as follows :

IR4 int K ) is connected non - comp a mHd .

¥5 it has a smooth structure .

We unow #
-

K has its own smooth structure .

- - a-2XK and d ( IR . int IXKD are homeomorphic

Want to glue than together using a diffeomorphism .

need Then of 31mg - Noise : Any human of a brief 'd
in isotopic to a differ .

⇒ get a smooth Mr .
on IR4

,
call this J2

.

- -

Note : by communion XK ← J2
,
no RE1R "xa

since K is not mm . slid . %


