Handle.  decompositions | Y-A245
leis—collec the fndex of the handie lemanifolds

N Dx D*% - dimensioval K-handle ("ickened le-cil") Lecture.

Anctomy of e hondle:

Letksphece —_ | D" {03 core._
T o W, : {Gsx lbh-k cocore.

Piwre §s of a D" x l)m-k Mnﬂ veyon
L -climensionadl.
N -Wondle : _ Qle b {03 GMW“ Sph{re.
ED LNV SRR N IN
2 ’R\ i, (93 > 3D ek spiee
A st Sr‘*e/
Hoodizs | ghbackedl ook -d¥iikibe, | o
| . *f*"ﬂ& e (swosth ) HWA: latopy of ¢ cheg mot
@: 2D° %Pt —— X Embedding
I aled olﬂﬂmwph.(sw -(-_\,pe_ ot
where X is an - wonifolol.
X Vp h

Then X v (DX D"™) s specfil by
o (i) esbedcling 8“7 e Y (ie. a oot in 3X)
and a (ﬁ) '&'W(aliwon O-F its {‘J‘;‘\:ML veymal ( (XY ‘Gﬂ’wﬁmﬂ )

| - Ex. Seppse. k=2
1 Fix come reference -(:vag -(:;

: : ) then awy obher froming comespads to au elemesct

of m,_,(Oln-kl)

5 2 Bruya - Sobsidi
Glin=i)

Alﬂg: " Smosth the weners’ o ik X Uq,‘q is a swmosth  n-manfold

Given & commet wanifld X , X = 2. X WL QX o howdle dempnition
of (X, D_X) |is o idenification of X with (X x L) u [clles]
Foct: Any smosth , compack wanifold poic (X, 9_X) has o reladive
Vandle | décompasilion.




| Asde: Any Jcapougqu n-wild. pcur hos o ":Of’o{ojtcal Dolle, olecmpaSrbon
| except when n=4 | 117

pre——as 3
Refrones: | =3, | w26l | . n=§ 157 9 L0 P I R 8 1 L W I
;‘P: e é(am/ QE&»WQM , Fre@e\mam Gmmv\

A ,4—"§na»sa{atcl,, has_a Hopelogical havdle decomposition jf¢=>;f smgmu,a’ i

O des | D75 D" b ey qhanmg regon |||

4~ handles: D’ x [D""'t edfaohcol crimj NSO adnEREEEEETEE N
a.dc)
IDEEFE comed:to\ “W‘WL‘/ Humc‘ue. 1507':ny closs of EoY c—-)g)(

)*Fﬂw"gs :rco(O(n 4) AN S

e oyt e
T s

e ’““‘“““a

Ohede pp* T




(n-1)— ancl  n-hopdles have. Laque. \Cramv\gs | , L1218

e ,
for nE2 IS ! S O BN I , LG -weniddds
| L |
k=wn, x, o (O()) =0 F w2
kzn, T, (00)) =0
Jote: | n-Yendles, |ottadhed | along DN = &'

for  n% t.»,a.\., gemou@eo of $"" ks otpic t either || 7 Beetic sphems
.- | 0 Wgher clim.

= auniqut \uﬂy‘fo atoch q-: n - handle +o gt {Of nel.

2~ handles : O ne 3
A~ {Mn&s P Ty (G(v\—‘l\) = Z. n=4
| %5 T 1 ha5s

] o~ . H
n_ pocticulor: D* -bundles over & correspond to | iniegers Z ciw’cehmﬁ Loaion
7 | 1 = O)
{ 9- ”COIYI ] o I P‘-k)\rj " :

U (3 emdle)

Turvxiwi handles upside | clown: | Given a (relative)  handle decanpos:hom

&{ﬁm N

y ; sbe. “orienteh
for ~(tha.x) We can | produce ome for ()({;)+X} oMoty
Bey Khadle inl (X, 3 X) becomes an  (n=k)=handle in (X, X

b
Fixd: (HW 4(.2?)‘ H:X is Gomed:ﬂ:l We. con asuwe i£ IMRSG Smsle,

O-berdle  (f X =2) orve| O-hude (3 X +o)
'5 mfoll bPiloct“H

}MM ) hawd&%%{_y a= mm-Falds (CL°$8>| oﬂevdtnue) ‘

T \\{o \m»dle} U { m 4—%.&153 v [k 2 - i\chlesl u E% ‘Aw“es
| ,

e é,s:x)bl




Since 3-wmild. is closed = le=pm : ,
Av\y 3“m»xi-ﬁrld is dthe union of 2 copies of H,. o some m,

clased , eritukalde

- This is 0’-\313-‘1 A Hecngel daomnpoﬁf:iOn. -

©The 3veblds obbunel fron S'xD*u 81 p? Y s 1 fegd
| L , 9

are called the. Lens spuces.

Z-halles atkockecl alom these curves
[n the cose thot Bo. bouday is B, the
3-hadle attaches uv\iquely

b — wanifolds (&Afy_i“ﬂ:ﬂ}

O -hondle has boudary, 5" = R {==]
e buo Lfiek of 3 4=hondle

1=_l°_(’,§,. “ﬂ:fuol/ﬁn SFM
/ \3 of2~ Mavx&)g,s red curves SF&"Q&S 'Guw\yg
< "\. 8 \ ,~”g ‘ "’m_mﬂd‘g&

“The tun kodks oire | :iﬁ:i,%‘ ;ef,g! Vi o edlecbon — this i lustesked

,a i)g ¥ B s Ua‘ %‘“ L Lakels e
€ 4-wmld, i C—Lﬁﬁsl,m'ie.&ﬁd {3' and (f-‘f(qegﬂdl_&g = é$4x [D5

| | < s Chodery | FE BT
_ Lauo\evx\aqu Peenaru: A*‘Y oliffeoworphism of ‘-i; $'x B exends
over ‘; '« D*

UESI«&!:: I-F X cl.osa'l ; No meeci £o Sptq-g-y (dmw) 'f'::he 3* ‘S!MA Q“"‘Q“diﬁﬁo.

ESsn SR )
1§ we wak Huo o rpesnck o claxd ;

i, , hove to odd | {3-tadle Yo {l-houdid) 5
(\.vlﬁdn we. olo net draw) ~> (@OP f we add o & -handle

~> &'k BT




,&ekrems for | vow: ‘ | 7 (A5 B
L Gompf, Stipsica: b~ manifoldls avd Idirlby Calealss ) be-milds. |
[ Wirky: The oplogy of 4-manilds ] | Lecture
[Sooqm The witd world of & -wanifolds | % Yead with Caukon — 'Ru.o\oook lemus
& o % Canlext,
Qarificedion: inhuhan , bur 'mt
| | dekail: gﬁ\w—hw,
Lauo\enbud« Poesacu: Any self -diffeomorphism of #'S x$t Vuis lmd»'vuk‘

ex&nols + a St@ drFEompkqslm of I’s‘x 'Ds
 Mobtto: "= and b-hovdles don't need 4o be otmw(m.m;"cu@ wﬂnl)

| | iy Precuely: XU‘PHg X v, H Mﬁ,v
He= m—-——-a ﬁi‘xv‘ =H .

e @ (YR )y

e P g

Need : F: XUYH——’XUVH

Pl ¥ 2 — 31 .
| #ewst
Fraw‘inaé; (2—hquLeS n a ll*’maniw.,)
Fix a referene {framing.
F‘mmmgs correspord to | T, (0(2)) = ’m
. \\V\kw% Yaradotn '&NAMAV\%“ | 1
| ] don't weedl £0 specily | oruckdions if
u Wucrqﬁreuw&rm(bhom:&o\,‘
= in the same dlirechion :
| {Uﬁ)ins{bu& orieybobions d&s vot '

d“mﬂoe Uinlcing Mumbers
"blackboard] | froming":

ke paheff | on an
e |blackloard | Buk tis is y\ot Frcsewtol wdzr




New wetodion for A-handles:  "A bridke is the same o an underpass

o B

319

Ix(B>\vB')* I~ (¢'xD")
| S $'x [D3

Curve, running ovee the 4+ havdle

S

k/Vew nobation remae the "undisk” (with boumdary

Schematic

—

Y
D Ip?
A-howdlle.

e e dolied ciecle ) froms D

Q) S Cuore. r@mﬁvﬁ ov!rﬂne, A= havdle.
Ay (closed , smath, oriended)  &-manifld can be represtded by o
Unk in > oclecoruted uth oots enol ivdbesers. L
= "o'o’\iec'" CMmei:s wst -Fx-m an uﬁUnk Rmbe: The dot ( 15 there
L 'Hw:t e o.a \ﬁa"l. A,;*..y,\i;\;gg

A- aval 2+ howdles

ag

@ s -bl«as‘ctoseolz.

% such that the boundory of the 2- hadlebedy s FF $'x & 2

for some m20. PN € 0%
Exometes: a
‘) $I'. ‘ /Wy °‘1‘a3ﬂw\
. & |
has o O-hardle
avd a & -Vandle

ERL By @

Swilar for $'x & (W, 2¢)



) &% p*:

Q

S&\C.W\cdk; 3 k:

# EXYE
)8 x 8§ {0-Wdled UL2-lewdle )
{8 h, h,‘
W) G- ) = (1) -bonste. | mﬁ;ﬂ*“- s §x
r— .
~13 $?-‘x 5"- = \%’\io 3) hox;h v hxdo v ‘Mx;)“
N7
l])“xﬁl

\/

2-handles are cdtacked along $'x0 and Ox§'
NM al.on 'uIQ— H Llhl( o
T Cnscnn f"“”‘oﬁf“”“’\“ 5 OC) = =&

O (§-handle )

642 1%




,;, ~ 1
2
<
N 1 N, I | . N
o
g1£
L 3e |
T 1w INEENEREEEEEN NN -
ss
‘‘‘‘‘ R )
:ﬂM\ ~a.\\ ) 1. . N
o - i I A .
..... N I A& 1 1
IRRFEREN HEEENE i
o M WES, SN, | i . N SN S —
IHEEEREEES EEREEREREEN
ENEEREEEEE IEEEE NN
LTI NL T HEEEEN
) D I ,
iy N S N N N U N SO N N N A
N B |
: 7




